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Abstract. Clairvoyance semantics and demand semantics are both pure
and time-cost equivalent to lazy evaluation, offering alternatives to the
stateful natural semantics of lazy evaluation for analyzing computation
cost. Unfortunately, clairvoyance semantics is simple but hard to exe-
cute, and demand semantics is executable but complicated. In this pa-
per, we propose a novel approach for unifying these two semantics us-
ing functional logic programming. We propose (1) a logical clairvoyance
translation, which translates lazy functional programs to functional logic
programs where the computation cost is reified, and (2) a logical demand
translation, which is a simple extension to the logical clairvoyance trans-
lation. We prove that these two translations correctly implement clair-
voyance and demand semantics respectively using Agda. We also conduct
case studies on examples including insertion sort and Okasaki’s banker’s
queue using Curry/KiCS2 to show how these translations can be used in
practice.

Keywords: Functional Logic Programming, Lazy Evaluation, Cost
Analysis

1 Introduction

Lazy evaluation is demand-driven, performing only those operations required
to compute a final result [15]. This gives programmers the luxury of writing
highly compositional code that performs comparably to, or even better than,
code written in an eagerly-evaluated language [13|. Sadly, as a “side-effect,” it
presents challenges for performance analysis.

For example, consider the Haskell functions take and (++), which respectively
take the length-n prefix of a list and concatenate two lists. Suppose that we want
to evaluate the following code:

take 2 ([1,2,3] ++ [4,5])

In a lazy language like Haskell, such an expression is evaluated only insofar as its
result demands. Suppose that we try to print just the first element of the result:
we run take and (++) once to obtain 1. Now suppose that we save the result in a
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take :: Int -> [a] -> [a]
takeC :: Int -> [a]? -> P([a]?, N)
takeD :: Int -> [a] -> [al? -> ([al®, N)

(++) :: [a] -> [a] -> [a]
appendC :: [al? -> [a]? -> P([al?, N)
appendD :: [a]l -> [a] -> [a]® -> (([a]?, [a]®), N)

Fig. 1: The Haskell type signatures of take, (++), and their respective clairvoyance
and demand translations. P is the power set operator. The superscript 4 denotes
the approzrimation of a type.

variable and, in the future, try to print the whole thing: at that point in time, we
evaluate take and (++) “one level deeper” to obtain the second element, 2, and
take again to obtain the end of the list, [1. These computations are evaluated on
demand and out of order, and they are interleaved. Thus, even in a pure language
like Haskell, the performance characteristics of the computation are inherently
stateful: the amount of work required to evaluate a given expression depends on
what has been evaluated previously. Together, these characteristics mean that
one cannot generally analyze a piece of lazy code in isolation; instead, one must
consider the whole program. This makes performance analysis difficult.

How can we bring locality, purity, order, and compositionality to lazy compu-
tation time costs when these properties are fundamentally missing? Some recent
work proposes that, instead of working with the stateful natural semantics of
lazy evaluation [15], we can use a simpler alternative semantics that is equiva-
lent to lazy evaluation in terms of computation cost. Here, we focus on two such
semantics: clairvoyance semantics [8, 17] and demand semantics |2, 30].

Clairvoyance semantics. Clairvoyance semantics, or clairvoyant call-by-value,
builds on the observation that, for analyzing computation costs, it matters only
whether a computation cost is incurred, not when. Clairvoyance semantics eval-
uates terms eagerly, but when there is a lazy operation, it makes a nondetermin-
istic choice to either evaluate the computation or skip it.

To evaluate take 2 ([1,2,3] ++ [4,5]) in clairvoyance semantics, we first
evaluate [1,2,3] ++ [4,5]. Each recursive function application is then nonde-
terministically evaluated or skipped. The possible results of [1,2,3] ++ [4,5]
are 1:1, 1:2:1, ---, [1,2,3,4,5], where | represents a value whose evalua-
tion is skipped. Next, we run take 2 over all the nondeterministic results of
[1,2,3] ++ [4,5]. If a branch gets “stuck,” e.g., forcing the second element from
take 2 (1:1), we discard it. In the end, one computation branch will have suc-
ceeded in the same amount of time as a standard lazy evaluation.

Clairvoyance semantics can be used as a recipe for a mechanical transla-
tion from a pure program to a program with reified computation costs [17]. We
show pseudo type signatures of translated take and (++) in Fig. 1 as takeC and
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appendC, respectively. These translated functions use approzimations of lists, de-
noted as [a]?. They represent lists that are potentially “less evaluated”, like 1: L.
We defer a formal definition of approximations to Section 3.2. A natural num-
ber (N) in the result represents the associated computation cost. Because the
evaluation is nondeterministic, each translated function returns a power set of
result-cost pairs. We can use these translated functions to formally reason about
the computation cost of lazy programs, as illustrated by Li et al. [17]

One major drawback of this approach is that power sets in return types make
execution expensive. This makes it hard to use clairvoyance semantics in testing.

Demand semantics. Demand semantics builds on the observation that, given a
function’s input and a demand on its output, we can evaluate the minimal input
demand required for such an output demand deterministically.

In our example of take 2 ([1,2,3] ++ [4,5]), we first consider a demand on
the output, e.g., 1: L, where L represents parts of the list that are not evaluated.
We then run the take function “backward” to find that the minimal input demand
required for take 2 is also 1: 1. We then run the (++) function “backward” as
well to find that the minimal input demands required for the two input lists are
1:1 and L, respectively. Throughout this process, the associated computation
cost is also evaluated and carried.

Demand semantics is also useful as a translation strategy [30]. We show
pseudo type signatures of the translated functions takeD and appendD in Fig. 1.
As in the clairvoyance translation, we use a natural number in the result to
represent computation cost. The demand translation also uses approximations
like 1: 1, but it uses them to represent demands. For example, the input of takeD
includes the input of take (Int and [a]), a demand on take’s output ([al*). The
return type of takeD is the minimal demand on its input ([a]“) and the cost (N).
Note that the Int datatype is not lazy, so there is no demand on it.

Because these demand functions are deterministic, computation costs are
easy to test. Unfortunately, the demand translation is more complicated than
the clairvoyance translation, because the “backward” direction of a function can
be complex. This complexity makes it challenging to develop tools to formally
reason about code under demand semantics.

Our contributions. It is unsatisfying that, although we have two semantics that
model lazy computation costs, they are very different and we have to choose
between them depending on what we need. In this paper, we propose a novel
approach of unifying these two semantics using functional logic programming. In
this new approach, we translate a lazy functional program to a functional logic
program that models clairvoyance semantics via a logical clairvoyance trans-
lation. This functional logic program can then be extended to obtain a new
program that encodes demand semantics via a logical demand translation using
a simpler wrapper. This simple wrapper shows that there is a simple connection
between clairvoyance semantics and demand semantics. In other words, these
two independently proposed semantics are two sides of the same coin. We show
this connection both in theory and in practice.
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data T a = Undefined | Thunk a

takeC :: Int -> T (List a) -> Tick (List a)
takeC n xsT = do
tick
fcase n “compare” 0 of
EQ -> return Nil
GT -> do
xs <- force xsT
fcase xs of
Nil -> return Nil
x 7 xsT' -> (x:7) <$> thunk (takeC (n - 1) xsT')

takeD :: Approx a => Int -> T (List a) -> List a -> Tick (T (List a))
takeD n xsT ysD
| takeC n xsTD =:= Tick (ysD, c)
= Tick (xsTD, c)
where xsTD = approx xsT
c free

Fig.2: The logical clairvoyance translation (takeC) and logical demand transla-
tion (takeD) of the take function, implemented in Curry.

We show an example of translating the Haskell take function to Curry [10]
in Fig. 2. Function takeC is the result of a logical clairvoyance translation, while
takeD is the result of a logical demand translation.

The takeC function takes an Int and a T (List a). The T datatype represents
a value that could be L (represented by Undefined). List a is the approximation
of [a]: Nil is the empty list, and the :~ operator is the cons operator on List a.
The function returns a new List a inside a Tick monad, which encodes the com-
putation cost associated with the returned List a. The function works similarly
to take for the most part. The key to implementing clairvoyance semantics is
the recursive call thunk (takeC n' xsT'), which unfolds to:

pure Undefined ? fmap Thunk (takeC n' xsT')

That is, we use Curry’s nondeterministic choice operator 7 to either skip the
evaluation and return Undefined (i.e., L), or to evaluate the recursive call and
wrap the result inside a Thunk constructor.

The takeD function is implemented in terms of takeC. The core of takeD is its
guard condition: takeC n xsTD =:= Tick (ysD, c), where n and ysD are takeD’s
arguments, and xsTD and c are logic variables (also known as free variables).
In this way, takeD computes the input xsTD and parts of the output ¢ of takeC,
given the rest of its output ysD. Put differently, takeD is an inversion of takeC.
In addition, we require xsTD to be an approximation of xsT, another argument
of takeD, so that it either is xsT, or is “less evaluated” than xsT.
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Thanks to functional logic programming compilers, we now have a simple
way of executing clairvoyance semantics. Our work also proposes a simpler way
to encode demand semantics.

More concretely, we make the following contributions:

— We propose and formalize two methods that translate functional programs
to functional logic programs that reify lazy computation costs: a logical
clairvoyance translation that encodes clairvoyance semantics, and a logical
demand translation that wraps the logical clairvoyance translation and en-
codes demand semantics (Section 2).

— We formally prove that the logical clairvoyance translation and the logical
demand translation are correct with respect to clairvoyance and demand
semantics, respectively. All theorems and proofs are mechanized in the proof
assistant Agda [22] (Section 3).

— We conduct case studies by manually translating lazy Haskell programs, in-
cluding insertion sort and Okasaki’s banker’s queue [23], to Curry [10] based
on our translation strategies. We evaluate the performance of translated code
using the KiCS2 Curry compiler [4], showing that logical demand translation
trades off performance for simplicity, but the performance is usable for lazy
cost analysis while allowing for simpler code (Section 4).

In addition, we discuss related work in Section 5, discuss limitations and
conclude in Section 6. All the Agda formalizations and Curry code of this paper
can be found in our publicly available artifact:

https://doi.org/10.5281 /zenodo.18808172

2 Logical Clairvoyance Translation and Logical Demand
Translation

In this section, we define two languages: a simple functional language B (Sec-
tion 2.1) and a simple functional logic language L (Section 2.2). Next, we develop
two translations from B to L: a logical clairvoyance translation which produces
terms modeling clairvoyance semantics [8,17], and a logical demand translation,
which is a wrapper around the logical clairvoyance translation, which produces
terms modeling demand semantics |2, 30] (Section 2.3).

2.1 The Base Language B

We show the syntax of the base language B in Fig. 3. Language B is a simply
typed calculus with booleans, lists, and lazy thunks (i.e., suspended compu-
tations). Its terms include variables, let-bindings, conditionals, and recursion
based on foldr. In addition, it contains lazy and force operators, which wrap a
computation in a lazy thunk and force a computation from a thunk, respectively.
Finally, the tick operator incurs one unit of computation cost. These explicit
operators decouple our analysis from any particular evaluation model.
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A u= Bool|List A | Thunk A
t == x|let x =t in t| true | false | if ¢ then ¢ else ¢
| O]t :: t|foldr(\zx.t, t, t) | lazy t | force t | tick ¢

Typing

T'FBt: A I'FB ¢y : Thunk (List A)
I'FB¢ :: ta:List A

CONS

F,xle,mQ:ThunkBl—BtlzB F'_BtQ:B F}—BtgzListA

B FOLDR
I'" foldr(\z1x2.t1, t2, t3) : B
I'tPt:A I'HP ¢ Thunk A r'ePt: A
B LAZY —8 — FORCE —5 ———TICK
I' " lazy t:Thunk A I' " force t: A I'"tick t: A

Fig.3: The syntax of language B and typing rules related to lazy thunks and
costs.

Note that language B does not have higher-order functions or general recur-
sion because demand semantics does not support these features [2, 30].

Most of the typing rules for language B are standard, so we omit them.
We show the typing rules for thunks and computation costs in Fig. 3. Notably,
lists are lazy: the cons of lists t1 :: to takes a term t; of type A and a term
to of type Thunk (List A), so the tail of a list must always be wrapped in
a Thunk. Similarly, the “function” argument to foldr always requires that its
second parameter be wrapped in a Thunk.

We can give language B a denotational semantics [t](y) for any term ¢ in an
environment vy by simply ignoring all operations related to lazy evaluation and
computation costs:

[1azy t](v) = [force t](v) = [tick t](v) = [t](v)

2.2 The Logic Language L

We show the syntax of language L in Fig. 4. Compared to B, language L has
more types: unit Unit, natural numbers Nat, and products A * B. We need
natural numbers and products to represent computation costs associated with
values, and we need products and the unit type to represent environments. Note
that the types of language L are a superset of the types of B. As a consequence,
any valid typing context for B is also a valid typing context for language L.
Language L has introduction and elimination forms for all of the new types.
In particular, the lazy and force operators from B have been replaced by
constructors thunk and undefined, and eliminator case. The thunk operator
reduces its argument and wraps it in a thunk value; undefined reduces to the
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A t= Unit |Bool|Nat | A * A|List A | Thunk A

z]let © =t in ¢ | () | true | false | if ¢ then ¢ else t
t==1t|t<=1t]|(, t)|fst t|snd ¢| thunk ¢ | undefined

case t of thunk x => t; undefined => ¢t |n |t + ¢|[1|¢ :: ¢
foldr(A\zx.t, t, t) |t ? t| free A | fail

.y
——

Typing

I'Hhe: A
'Y thunk t: Thunk A I' Y undefined : Thunk A

FFLtlzThunkA F,m:AFLtzzB FFLtng

I'Fr case t1 of thunk x => t¢2; undefined => t3: B

'rlt:A IVt A
'Y free A: A TEY 4 72 4,0 A 'Y fail: A

Fig.4: The syntax and typing rules of the logic language L.

special value 1 ; case discriminates between these two cases. In the logical clair-
voyance translation, the thunk and undefined constructors indicate whether a
computation is evaluated or not; in the logical demand translation, they indicate
whether a computation is demanded or not.

Language L also has constructs for logic programming. Free terms (free)
may evaluate to any value of a specified type; they can be thought of as “anony-
mous logic variables”. The choice operator (?) evaluates nondeterministically to
either of its operands. Failure (fail) never evaluates to anything.

Finally, L has two new relational operators, == and <=. The == operator
indicates equality, as usual. The <= does mot indicate the standard order on
natural numbers; rather, it indicates the definedness relation. Given two values
a,a’, we write a<=a’, pronounced “a is less defined than a’,” if a has the same
shape as a’, but with some thunk parts possibly replaced by L.

We define a simple logic language instead of using a specific functional logic
language like Curry [10, 28] or the Verse calculus [1] to keep our approach gen-
erally applicable.

We show the semantic rules of L that are related to the choice operator (?7)
and free terms in Fig. 4. Note that this semantics is eager, and due to fail, it
is partial.

Derived terms in L. We use L to implement functional logic programs that
“carry” a computation result and its associated computation cost. To encapsulate
operations related to computation costs, we define some derived term constructs
in L in Fig. 5. We use return t to lift ¢ to a computation that costs 0. We use x
<- t1; to to chain computations ¢; and to while accumulating their costs. We
use foldM(Azxixa.t1, ta, t3) to chain a list of computations, accumulating all
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M A=A * Nat
return t = (¢, 0)

x <- t1; to =1let z; = t; in
let x = fst ¢t; in
let 29 = to in
(fst 22, snd z; + snd 22)

foldM(Ax1z2.t1, t2, t3) = foldr(Axi122.x2 <- transpose z2; t1, t2, t3)

transpose t = case ¢ of
thunk z; -> (22 <- 2z1; return (thunk 23));
undefined -> return undefined

assert t1 in to = if t; then ¢y else fail

rrhe: A 't"t4:MA T@z:A+"t,:M B
I'Flreturn t:M A FFLw<—t1;t2:MB

F,ml:A,mQ:ThunkBFLtl:MB FFLtQ:MB FFLtgzListA
I'FY foldM(\z1xa.t1, ta, t3) :M B

I'+"¢:Thunk (M A) I'tYt:Bool I'tFliy: A
r+t transpose ¢ :M (Thunk A) ' Y assert t1 in t2: A

Fig. 5: Derived constructs in L and their typing rules. Readers who are familiar
with monads might recognize that M is a writer monad [20, 29].

of their costs. The foldM operation employs an auxiliary construct transpose,
which converts terms of type Thunk (M A) to terms of type M (Thunk A). In
addition, we define assert, which ensures that a given condition holds, causing
the computation to fail otherwise.

We show all the typing rules related to these derived terms in Fig. 5.

2.3 Logical Clairvoyance Translation and Logical Demand
Translation

We define the logical clairvoyance translation C|-| in Fig. 6. The logical clair-
voyance translation translates terms in B to terms in L that simulate clairvoy-
ance semantics. Values and variables are translated using return. Variable bind-
ings (1et) and conditionals (if) are translated via sequencing (- <- -; -). Folds
(foldr) are translated to the derived term construct foldM. Readers familiar
with monads might recognize that this is essentially a monadic translation [20,
24,29] with adaptations for the Thunk type [17].

The most important cases of the translation are those for lazy and force.
When the original term is lazy ¢, we use the nondeterministic choice opera-
tor ? to either skip the inner term (return undefined) or evaluate the inner
term and wrap the result inside a thunk. When the original term is force t,
we first evaluate ¢ and then pattern match on the result z;: if z; evaluates to
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Logical Clairvoyance Translation:

C|lz| = return z C|[1] = return []
Cllet = = t1 in t2| =z <- Clt1]; Clt2]

Clt1 :: ta] =21 <- Clt1]; 22 <- C|t2]; return (z1 :: 22)
Clfoldr(\zix2.t1, t2, t3)] =2z <- Clts]; foldM(A\x1z2.Clt1], Clt2], 2)
C|lazy t| = return undefined ? z <- t; return (thunk 2)
Clforce t] =2 <- t; case 21 of

thunk zo => return z9; undefined => fail

C|tick t| =1let z = C|t] in (fst z, snd z+ 1)
Logical Demand Translation:

Duy:Ay,..wn:A, [t] = let 2] = free A; in assert x] <= x; in

let z,, = free A, in assert z] <= x, in
let z = C|t'] in

assert fst z == y in ((z}, ..., =), snd 2)
where ¢ = t[z]/T1,..., % /Ts)].

Fig.6: The logical clairvoyance translation C|-| and logical demand translation
Dr|-].

thunk zo, then we return zs; otherwise, we fail. Note that fail only termi-
nates the current computation branch, so any branches where z; evaluates to
a thunk will continue. To tick a computation, we simply run it and increment
its accumulated cost by 1. This translation correctly models sharing—a feature
that typically poses a challenge to cost analysis—because the result term in B
eagerly evaluates each value only once in every nondeterministic branch.

We also define the logical demand translation Dp|¢] from B to L in Fig. 6.

In general, the logical demand translation operates on open terms with an
arbitrary number of free variables, but we can build an intuition for how it works
by considering terms with just one free variable. Let ¢(x) be a term in L with
one free variable z. Intuitively, the demand semantics interpretation of ¢ is a
term t/(z,y) that takes the original parameter z and a new demand parameter
y representing the demand on ¢(x). The term t'(x,y) computes the minimal
demand on z needed to produce y. From this specification, we can see that
t'(z,y) acts as an inverse of t(z) in the parameter y. In general, any term ¢(z)
has a canonical inverse term ¢~!(y) given by

til(y) =1let = = free A in assert ¢(z) == y in .

The logical demand translation extends such an inversion: ¢'(x,y) does not just
produce any value inverse to y, it produces one that is less defined than x. We
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add this constraint:

t'(x,y) = let 2/ = free A in assert 2’ <= z in
assert t(2’) == y in 2/

The missing piece is that the logical demand translation must turn terms in
B into terms in L. We can achieve this by composing ¢’ with some previously-
defined translation. As we show in Section 3, the logical clairvoyance translation
is exactly the translation that we need. After adjusting for the fact that the
logical clairvoyance translation produces terms of type M, we arrive at the single-
variable case of the logical demand translation:

D|t](xz,y) = let 2’ = free A in assert a’ <= z in
let z = C|t](2') in assert fst z == y in
(z', snd 2).

Extending this translation to multiple variables gives us the translation in Fig. 6.
Notably, the demand semantics of Bjerner and Holmstrém [2| and Xia et
al. [30] define how to invert every term explicitly, whereas we simply rely on
logic variable resolution techniques such as narrowing.
We prove that logical clairvoyance translation and logical demand translation
preserve the well-typedness of the original term in B:

Theorem 1. If 'FBt: A, then T'FY Clt] : M A.
Theorem 2. IfI'FBt: A, then I'x: ARV Dp|t] : M ||

The operation |-| turns typing contexts into product types. Both theorems are
formalized and proven in Agda.

3 Correctness

In this section, we prove that logical clairvoyance translation and logical demand
translation correctly implement clairvoyance semantics and demand semantics,
respectively. All of our proofs are mechanized in the Agda proof assistant [22].
Our proofs rely on the equivalence between clairvoyance and demand semantics
proven by Xia et al. [30, Section 3.3|, which we axiomatize in our formalization.
We show an overview of how we formally prove correctness theorems in Fig. 7.
We first define clairvoyance semantics C[-] on B. We then show that starting
from a term ¢ in B, we can translate it to a term in L using the logical clair-
voyance translation C|¢] that has the same meaning as C[t]. We also prove a
similar theorem relating demand semantics to the logical demand translation.

3.1 The logical clairvoyance translation

Clairvoyance semantics is a big-step operational semantics with the judgment
schema v ; t ll(g v. Intuitively, ¢ is the number of ticks encountered while eval-
uating ¢ to v. Our semantics is similar to the original clairvoyance semantics



Unifying Hindsight and Foresight 11

Cll
Cl-]
B———=L —1Ll— Set
D[]

D]

Fig. 7: An overview of our work. C[-] and D[] respectively represent clairvoy-
ance and demand semantics; L[-] is the semantics of L; C|-] and D|-| are term
translations. All arrows from B to Set commute (up to a suitable notion of
equivalence).

of Hackett and Hutton [8]. Like their semantics, ours is based on improvement
theory [21]. The most significant difference is that our calculus has explicit lazy
and force operators. Therefore, whereas Hackett and Hutton introduce nonde-
terminism at let bindings, we must introduce it at lazy terms. Readers can
find detailed definitions of our clairvoyance semantics in Appendix B and in our
artifact.

Theorem 3 (Correctness of the logical clairvoyance translation).
v it U v if and only if v ; [¢] U (v, ).

3.2 The logical demand translation

Demand semantics is a deterministic semantics that interprets a term t as a
function D[t] that takes two arguments: an exact evaluation context v (contain-
ing only values with no L parts) and an approzimation value that represents the
demand on the result of [t](v). It produces a list 74 of minimal demands on
and a computation cost. Intuitively, demand semantics computes “how much” of
the input v is required to compute a desired “amount” of the output [¢](y) and
how much it costs to perform the computation.

We omit detailed definitions of demand semantics on B, as it is essentially the
same as that of Xia et al. [30]. Interested readers can refer to them in Appendix C
and in our artifact.

Lemma 1 (Semantics of the logical demand translation).
vyt e o Drlt] W (A e) if and only if (1) v* <y, and (2) v 5t IS at.

Proof. By construction, applying Theorem 3.

We can now establish the correctness of the logical demand translation via
two theorems: adequacy and soundness.

Theorem 4 (Adequacy of the logical demand translation). Define
(v, ¢) = D[t](7,a?) and let vA' > 2. Then there exists some a’ > a such
that v,y — a?' ; Dp R (’}/A/7C).
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newtype Tick a = data List a =
Tick { runTick :: (a, Int) } Nil | (:7) a (T (List a))
data T a = Undefined | Thunk a class Data a => Approx a where
(<™) :: a -> a -> Bool
thunk :: Applicative f =>
fa->1f (Ta) approx :: a -> a
thunk m = approx x | y <7 x = y where y free

pure Undefined ? Thunk <$> m
instance Approx a => Approx (T a) where

force :: Applicative f => Undefined <~ _ = True
Ta->fa Thunk _ <" Undefined = False
force (Thunk x) = pure x Thunk x <~ Thunk 'y =3x <"y

Fig.8: Key definitions for implementing the logical clairvoyance semantics and
the logical demand semantics in Curry. See Fig. 2 for the definitions of thunk
and T.

Theorem 5 (Soundness of the logical demand translation). If
vyt e o Dr(t] B (Iv4, o), then D[t](v,a) < (74, 0).

The proofs of these theorems depend on Lemma 1 and the theorems of cost
existence and cost minimality in Xia et al. [30].

4 Case Studies

To show that the logical clairvoyance translation and logical demand transla-
tion work in practice, we conduct some case studies by manually applying these
translation strategies on classical Haskell functions and implementing all trans-
lated functions in Curry [10]. These examples include appending lists, insertion
sort, and Okasaki’s banker’s queue [23]. We use the KiCS2 Curry compiler [4]
to test these implementations. We discuss the details of our implementation in
this section.

In addition, we evaluate the performance of translated logical demand func-
tions. Our results show that, although there are slowdowns compared with the
specialized demand translation of Xia et al. [30], they achieve acceptable perfor-
mance despite being much simpler. All the code of our case studies can be found
in our publicly-available artifact.

Foundations. We begin by building a framework for representing the logical
clairvoyance semantics and the logical demand semantics in Curry.

We show key definitions of this framework in Fig. 8. We represent approxi-
mation types using the Approx typeclass. The typeclass contains an <~ operator,
which indicates its left-hand operand approximates its right-hand operand. The
other method, approx, nondeterministically returns a value that approximates
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its argument. We include a default implementation of approx using free variables,
but a specialized implementation can be much faster. The Approx typeclass de-
pends on the Data typeclass, which is required for free variables. The List type
models lazy lists: Nil is the empty list, and the :~ operator produces a new list
by adding an element to the front of a (thunked) list.

The Tick datatype is a product type which uses an Int to represent the
computation cost associated with its value. It is essentially a writer monad [20,
29]. List a is the approximation type of lists [a]. These types have all of the
expected typeclass instances; e.g., Tick is a Monad. These definitions are standard,
and we omit them for brevity.

FEzxzamples implemented. We manually apply the logical clairvoyance translation
and logical demand translation on classical Haskell functions and implement all
translated functions in Curry. Examples include appending lists, insertion sort,
and Okasaki’s banker’s queue [23]. Interested readers can view an insertion sort
case study in Appendix E, and more in our publicly available artifact.

Running computations. All the translated functions can be executed using the
KiCS2 Curry compiler, including all the logical clairvoyance functions. In our im-
plementation, we arrange our definitions so that the less-defined result is always
on the left branch of a search tree; thus, by using Curry’s search tree package [3],
we can always find the least result via a depth-first search.

Guards vs. generators. In Curry, there are two ways of implementing logical de-
mand functions: guards and generators. Although they are semantically equiv-
alent, there is a huge performance difference. Naively, we can implement takeD
as follows:

takeD' :: Approx a => Int -> T (List a) -> List a -> Tick (T (List a))
takeD' xsT ysD | xsTD <~ xsT
&& takeC n xsTD =:= Tick (ysD, c)

= Tick (xsTD, c)
where xsTD, c free

In contrast to the definition in Fig. 2, we use the <~ operator in a guard condition
in takeD' to assert that xsTD is an approximation of xsT. In this case, Curry
must “guess” a valid input demand, performing poorly. On the other hand, our
implementation in Fig. 2 uses a generator approx defined for the List datatype,
which is more efficient.

Performance. Although the logical demand translation is simpler than the orig-
inal demand translation, the question remains whether it is reasonably efficient,
as it depends on the logical clairvoyance translation and free variables. To eval-
uate this, we ran insertionSortD on lists of the form [n, n-1 .. 1] with sizes
ranging from 1 to 100, demanding the full list each time. We also ran pushPopD,
the logical demand translation of a function that pushes n elements onto a
banker’s queue [23] and then pops them all. We show the result of our perfor-
mance evaluation in Fig. 9. All experiments were performed on an AMD Ryzen
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insertionSortD
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Fig.9: The runtime of insertionSortD and pushPopD.

3900X running Linux 6.12.58 using the built-in timing functionality of KiCS2
(version 3.5.0), taking the average of 10 executions.

Asymptotically, insertionSortD appears to run in O(n?) time: a cubic in-
terpolation estimates it well. This asymptotic bound is shared by the original
demand translation. However, the constants are much worse: insertionSortD
takes 6.44 seconds on a 100-element list, while the original demand translation
version in Curry is fast enough that its runtime cannot be reliably measured.
Meanwhile, the pushPopD function takes 12.30 seconds to execute on 10 elements.

This result is not surprising, as the original demand semantics is specialized
to computing minimal input demands, but the logical demand translation is built
on a general-purpose logic language. In other words, logical demand functions
trade off performance for simplicity. However, the performance is still useful for
cost analysis. We discuss this in more detail in Section 6.

5 Related Work

Lazy cost analysis. Existing research on lazy cost analysis can be divided into
roughly three different approaches. The first approach, represented by work on
Iris® [19,25], deals with mutable heaps directly, but requires using special pro-
gramming logics like the separation logic [26]. The second approach, represented
by LiquidHaskell [9, 14], uses a graded monad proposed by Danielsson [6] to track
computation cost. However, this approach needs to deal with sharing manually.
The third approach utilizes alternative semantics, such as clairvoyance seman-
tics [8, 17] and demand semantics [2, 30], that are equivalent to lazy evaluation in
terms of computation cost. In contrast to the natural semantics of lazy evalua-
tion [15], these semantics reify computation cost in pure and eager semantics, so
we can use them to reason about lazy computation cost without being concerned
with mutable heaps, sharing, or our-of-order executions.

Clairvoyance semantics was proposed by Hackett and Hutton [8], who proved
its equivalence with Launchbury’s semantics. Li et al. extended clairvoyance se-
mantics to a typed setting and mechanized it in Rocq, along with a framework for
mechanically reasoning computation costs [17]. Demand semantics was proposed
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by Bjerner and Holmstrém [2]. Xia et al. later extended it to a typed setting and
proved its equivalence to clairvoyance semantics, in forms of cost existence and
cost minimality theorems [30]. We rely on these results in our correctness the-
orems in Section 3. They further use demand semantics to mechanically verify
amortized costs and persistence of two of Okasaki’s data structures: the banker’s
queue and the implicit queue [23] in Rocq. Recently, a third semantics, memorist
semantics, was proposed by Li et al. [16]. Memorist semantics works by tracking
all the computation dependencies. As it works differently than clairvoyance se-
mantics and demand semantics, it is unclear if there’s a connection we can draw
like in this paper.

There has also been work on applying property-based testing to lazy com-
putation cost analysis, such as Foner et al. [7] and Lorenzen [18]. We leave it as
future work to extend our work to property-based testing frameworks in Curry
like EasyCheck [5] and CurryCheck [11].

Functional logic programming. We implemented our examples in Curry, but most
of the techniques in this paper are not specific to Curry. Other functional logic
languages, such as Verse [1] or Mercury [27], could also have proven sufficient.
Because L uses eager evaluation, we could have even translated to a pure logic
language such as Prolog [12]. However, the search tree traversal employed in this
work is Curry-specific [3].

6 Conclusion and Future Work

We have shown that clairvoyance and demand semantics are two sides of the
same coin using logic programming as an intermediary. This connection is both
theoretically interesting and practically useful: it demonstrates that functional
logic programming concepts have value in seemingly unrelated areas. We also
obtained an executable clairvoyance semantics and a simpler demand semantics
built on functional logic programming semantics.

As discussed in Section 4, our technique is slow with even modestly-sized
inputs. Although unfortunate, this may be acceptable for most applications. A
major motivation behind this line of research was the desire to find a lightweight
representation of demand functions that could be used to test their asymptotic
bounds (constants included) before trying to formally verify them. For this pur-
pose, it usually suffices to test quite small inputs, where our technique performs
quite well in absolute (wall-clock) terms. However, some applications seem to
perform much worse than others for reasons that we do not yet understand.
Further investigation is left as future work.
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A The Evaluation Semantics of B

[z](7) =~ (=)

[tet = = 1 in B5](y) = [t2](v, 2 = [1] ()
[true](y) = true
[false](y) = false

i ) [t2l(y) i [t1](y) = true
[if t; then ty else t3](y) = {Htg]](’y) heric

()
[t1 :: t2](7)
[foldr(Az1z2.t1, ta, t3)](7) = [Az122.t1]to1dr (t2, 7, [t3] (7))
[tazy t](v) = [t](~)
(v) =[tl(v)
[tick t](v) = [t](v)
[Az122.t1 Jfo1dr (2, v, mil) = [t2](7)
[Ar122.t1]foldr (t2, 7, cOns(vi, va)) = [t1] (v, 21 = vi, 2 = [AT122.11 [fo0ldr (t2, 7, V2))
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B The Clairvoyance Semantics of B

T)="0 3t €y , L=yt €
v(x) —C-Var it e, v Y : 1@ 2 e, V2 C-LET
vixdgv vilet x = t1 in {5 5 4, V2
c C-TRUE c C-FALSE
v ; true |5 true v ; false | false

vt IS true vita IS v vt IS false v t3 Ug v

C-IF-TRUE

v ;if t; then ty else t3 ll(c v

c1tco

vt IS m vt IS s

—— - C-NIL T C-Cons
v [1 g nil it i: ta Ug 4., cons(vi,va)
i3 S v s AT L.y, by, vy JEEONT
vtz e, v1 Y 1%2.11,12 1302 2 _FOLDR
v foldr(Az1z2.t1, t2, t3) g ie, V2
vitdew
T C-Lazy-RESULT ————— C-LAZY-UNDEFINED
v ;lazy t}; thunk v vilazy tdy L
:t € thunk v S
Vit de C-FORCE 73t C-TicK

v ; force tli(ccv v ; tick ti}&_l v

~v;if t; then ty else t3 i}fﬁ% v

C-IF-FALSE
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C The Demand Semantics of B
D[z](y,a) = {x + a},0)

D[let x = t1 in t2](v,a) = (d1,c1) U (da, ¢c2) where ((d2,z +— b),c2) = D[t2] (v, z — [t
and (dy,c1) = D[t1](v,b)
D[tick t](y,a) = (d,c+1 where (d, ¢) = D[t](y, a)
D[1azy t](v,L) = (L,0)
D[1lazy t](v,thunk a) = ]D)[[t]](v, a)
D[force t](v,a) = D[t](y, thunk a)
Dftrue](y.a) = (L,,0)
D[false](v,a) = (L4,0)
D[] (v;a) = (L4,0)
Dty :: t2](v,0) = D[[flﬂ(% a) UD[ta] (v, a)
D[foldr(\zqxa.t1, ta, t3)](v,b) = (d',c) UD[t](v,d") where (g,V, ¢) = D[Ax1z2.t1 ]to1ar (t2, 7, [
D[Az122.t1 Jfo1ar (t2, ¥, nil, b) = (d, nil, ¢) where (d, ¢) = D[t2] (v, d)

DAz 1221 Jfo1ar (L2, 7, cons(vy, v2),b) = (g1 U g2, cons(a’, d), ¢ + ¢2)
where ((g1, 21— a’, 22 = V'), c1) = D[t1] (v, 21 = v1, 22 = [Ax122.81]f01dr (t2, 7, v2), b)
and (g2, d, c) = D[Az122.t1 [o1ar (t2, 7, v2,b")

DII)\xlmItlﬂfoldr’ (t27 v, U, J—) =1
D[Az122.t1 Jo1ar (t2, 7, v, thunk b) = (g, thunk d, ¢) where (g,d, ¢) = D[Az122.t1 ]to1ar (t2, 7, v,

In the above, Ll means “least upper bound.” In the first instance, it applies to the
approximations of a fixed exact value e. It is then extended to approximation
environments: if g1, gs < 7, then g U g is the elementwse least upper bound of
g1 and go. Finally, it is extended to pairs (g, c), where g < v and ¢ € N, as

(g1,¢1) U (g2, c2) = (91 U ga, 1 + c2).

If e is an exact value, then |, means the least approximation of e. If  is an
exact environment, then 1. means the least environment approximating .

Ly = tt L galse = false Ltrue = true ln=n

J—(el,eg) = (J—ela L62) J—nil = nil J—cons(el,eg) = COHS(J—ENJ—@)
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D The Semantics of L

vitdto
T L-REsuLT — L-UNDEFINED
v ; thunk ¢ |~ thunk v 7 ; undefined |~ L

vty l}ﬂ‘ thunk v, ¥, T > vy ; to lLL Vg

— L-CASE-RESULT
7 ; case t; of thunk x => t5; undefined => t3 " vs

vyt P L vtz Yo

T L-CASE-UNDEFINED
v ; case t; of thunk x => t9; undefined => t3 |~ v

vt o V;tzllLvL_EQ_TRUE vitid v vt M e v £
vty == tg l}ﬂ‘ true vty ==t {LH‘ false

L-EQ-FALSE

vt P vt I vg v <

V!
T 2 - APPROX-TRUE
vt <=ty |” true

viti o vt e v L

T L-APPROX-FALSE
vty <= ty |}~ false

: A ; t L : t L
Y L-FREE Vl—ML-CHOICE—L vitz b

—— T —————— L-CHOICE-R
v;free Al-w ity 7t v ity 7t v

. L ) L-fold
vtz o v A1zt ta,vr T vy

T L-FoLpRrR
’y;foldr()\$1$2.t1, to, t3) U~ v

cto v 1= v, a0 — Loty Fo
iR L-FoLDR-NIL itk ’ ! - L-FOLDR-UNDEFINED
‘U’ ~foldr v

v 3 Ax1@a.ty, ta, nil LI 4 ~ 5 Ax1xa.t1,te, cons(vy, L)

v 3 Ax1a.t1, ta, thunk vy (L1019 4 v, T1 5 U1, T — thunk v ; ¢4 v
L-FOLDR-RESULT

. L-foldr
v 5 Az1xa.ly, to, cons(vy, ve) I v

E Full Case Study on Insertion Sort

A classic fact about lazy evaluation is that one can efficiently find the n smallest
elements in a list by first sorting it and then taking a length-n prefix (provided
that one uses a sufficiently lazy sorting algorithm). To test this, we first define
insertion sort in clairvoyance semantics (insertionSortC).

insertC :: Ord a => a -> List a -> Tick (List a)
insertC x ys = do
tick

fcase ys of
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Nil -> do
ys' <- nilC
return (x :~ ys')
y 7 ysT' ->
if x <= y then do
ysT <- thunk (return ys)
return (x :7 ysT)
else do
ysT'' <- with ysT' (insertC x)
return (y :~ ysT'')

insertionSortC :: Ord a => List a -> Tick (List a)
insertionSortC xs = do
tick

fcase xs of
Nil -> return Nil
x :7 xsT' -> do
ysT' <- with xsT' insertionSortC
ys' <- force ysT'
insertC x ys'

Next, we define nminC as a composition of takeC and insertionSortC, along
with its demand-semantics counterpart nminD.

nminC :: Ord a => Int -> T (List a) -> Tick (List a)
nminC n xsT = takeC n =<< with xsT insertionSortC

nminD :: (Ord a, Approx a) => Int -> T (List a) -> List a -> Tick (T (List a))
nminD n xsT ysTD | nminC n xsTD =:= Tick (ysTD, c)
= Tick (xsTD, c)
where xsTD = approx xsT
c free

Now, how much does it cost to sort a 3-element list?

> insertionSortDG (fromList [3, 2, 1]) (fromList [1, 2, 3]) :: Tick (List Int)
(Tick ((:~ 3 (Thunk (:~ 2 (Thunk (:~ 1 (Thunk Nil)))))),10))

If we demand the entire result, we incur a cost of 10 ticks. What if we just want
the first element?

> someValueWith dfsStrategy $ nminDG 1 (Thunk (fromList [3, 2, 1])) (fromList [1])
: Tick (T (List Int))
(Tick ((Thunk (:” 3 (Thunk (:” 2 (Thunk (:~ 1 (Thunk Nil)}))))),9))

The resulting computation only costs 9 ticks.



